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Abstract.
We consider the higher order Tura´n inequality and higher order log-
concavity for sequences {an}n≥0 such that
an−1an+1
a2n
= 1 +
m∑
i=1
ri(log n)
nαi
+ o
(
1
nβ
)
,
where m is a nonnegative integer, αi are real numbers, ri(x) are rational
functions of x and
0 < α1 < α2 < · · · < αm < β.
We will give a sufficient condition on the higher order Tura´n inequality and
the r-log-concavity for n sufficiently large. Most P -recursive sequences fall
in this frame.
Keywords: higer order Tura´n inequality, log-concave, P -recursive sequence,
asymptotic estimation.
AMS Classifications: 41A60, 05A20, 41A58.
1 Introduction
The Tura´n inequalities and the higher order Tura´n inequalities arise in the
study of Maclaurin coefficients of real entire functions in the Laguerre-Po´lya
class [14]. A sequence {an}n≥0 of real numbers is said to satisfy the Tura´n
inequalities or to be log-concave, if
a2n − an−1an+1 ≥ 0, ∀n ≥ 1.
The Tura´n inequalities are also called Newton’s inequality [11,16]. For more
results on the log-concavity, we refer to [4, 9, 12].
A sequence {an}n≥0 is said to satisfy the higher order Tura´n inequalities
if for all n ≥ 1,
4(a2n − an−1an+1)(a2n+1 − anan+2)− (anan+1 − an−1an+2)2 ≥ 0. (1.1)
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Chen, Jia and Wang [2] use the Hardy-Ramanujan-Rademacher formula to
prove that, when n ≥ 95, the partition number satisfies higher order Tura´n
inequality. Dimitrov [5] observed that for a real entire function Ψ(x) in the
L P class, the Maclaurin coefficients satisfy the higher order Tura´n inequal-
ities. Dosˇlic´ [6] showed that some combinatorial sequences such as Motzkin
numbers divided by n! satisfy higher order Tura´n inequalities. Wang [15]
gave a unified approach to to proving higher Turan inequalities for sequences
{an/n!} where an satisfies a three-term recurrence relation.
Let ϕ be the operator given by
ϕ{an}n≥0 = {a2n+1 − anan+2}n≥0,
and let ϕk be the composition of ϕ k times with itself. If
ϕ{an}n≥0, ϕ2{an}n≥0, . . . , ϕr{an}n≥0 (1.2)
are all non-positive sequences, {an}n≥0 is said to satisfy the r-th iterated
Tura´n inequalities [3] or to be r-log-concave [10]. Clearly, 1-log-concavity is
just log-concavity.
We focus on the behaviour of a sequence {an}n≥0 when n is sufficiently
large. Similar to the asymptotic r-log-concavity given in [7], we say a se-
quence satisfy the higher order Tura´n inequalities asymptotically if (1.1)
holds for n sufficiently large. We aim to give a criterion on the asymptotic
higher order Tura´n inequalities for P -recursive sequences. By the asymp-
totic estimation given by Birkhoff and Trjitzinsky [1] and developed by Wilf
and Zeilberger [17], we see that (Theorem 4.1) most P -recursive sequences
{an}n≥0 satisfy
un =
an−1an+1
a2n
= 1 +
m∑
i=1
ri(log n)
nαi
+ o
(
1
nβ
)
, (1.3)
where m is a nonnegative integer, αi are real numbers, ri(x) are rational
functions of x and
0 < α1 < α2 < · · · < αm < β.
Here we use the little-o notation
f(n) = h(n) + o(g(n)) ⇐⇒ lim
n→∞
f(n)− h(n)
g(n)
= 0.
With the asymptotic form (1.3), we are able to give a sufficient condition
on the asymptotic higher order Tura´n inequalities in Section 2. Then in
Section 3, we extend the result of Hou and Zhang [7] on asymptotic r-
log-concavity. Finally, we apply the criterions on P -recursive sequences in
Section 4.
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2 The asymptotic higher order Tura´n inequalities
In this section, we will give a sufficient condition on the asymptotic higher
order Tura´n inequalities.
We firstly give an estimation on the difference of rational functions of
log n.
Lemma 2.1. Let r(x) be a rational function of x and K be a positive integer.
Then
r(log(n+ 1))− r(log n) =
K∑
i=1
ri(log n)
ni
+ o
(
1
nK
)
,
for some rational functions ri(x). Similarly,
r(log(n− 1))− r(log n) =
K∑
i=1
r˜i(log n)
ni
+ o
(
1
nK
)
,
for some rational functions r˜i(x). If r(x) is a polynomial, so do the ri(x), r˜i(x)’s.
Moreover,
r1(x) = −r˜1(x) = r′(x) and r2(x) = r˜2(x) = r
′′(x)− r′(x)
2
.
Proof. Let
δ = log(n + 1)− log n =
K∑
k=1
(−1)k−1 1
knk
+ o
(
1
nK
)
.
We have
r(log(n+ 1)) = r((log n) + δ)
=
K∑
k=0
r(k)(log n)
k!
δk + o
(
δK
)
.
Since r(x) is a rational function of x, so do its derivatives. Hence
r(log(n+ 1)) = r(log n) +
K∑
k=1
rk(log n)
nk
+ o
(
1
nK
)
,
with
r1(x) = r
′(x), r2(x) =
r′′(x)− r′(x)
2
, . . . ,
completing the proof.
Now we are ready to give the main result.
Theorem 2.2. Let {an}n≥0 be a sequences such that (1.3) holds. Assume
that αm − α1 ≥ 1. If
3
0 < α1 < 2 and r1(x) < 0 for x sufficiently large,
or
α1 = 2 and r1(x) < −1 for x sufficiently large,
then {an}n≥0 satisfies higher order Tura´n inequalities asymptotically.
Proof. Dividing a2na
2
n+1 on both sides of (1.1), we see that the higher order
Tura´n inequality is equivalent to
4(1− un)(1− un+1)− (1− unun+1)2 ≥ 0. (2.4)
Denote
α = α1, un = 1 +
ξ(n)
nα
,
and
f(n) = 4(1 − un)(1− un+1)− (1− unun+1)2.
We have
f(n) = − t
2(n) + ξ(n)ξ(n + 1)
(
2ξ(n + 1)nα + 2ξ(n)(n+ 1)α + ξ(n)ξ(n+ 1)
)
n2α(n+ 1)2α
,
(2.5)
where
t(n) = ξ(n)(n+ 1)α − ξ(n+ 1)nα.
Noting that
ξ(n) =
m∑
i=1
ri(log n)
nαi−α
+ o
(
1
nβ−α
)
,
we have
t(n) =
m∑
i=1
(
(n + 1)αri(log n)
nαi−α
− n
αri(log(n+ 1))
(n+ 1)αi−α
)
+ o
(
1
nβ−2α
)
.
From lemma 2.1, we derive that
(n+ 1)αr(log n)
nγ
− n
αr(log(n+ 1))
(n+ 1)γ
=nα−γr(log n)
((
1 +
1
n
)α
−
(
1 +
1
n
)−γ (
1 +
r(log(n+ 1))− r(log n)
r(log n)
))
=nα−γr(log n)
(
α+ γ
n
− r
′(log n)
nr(log n)
+ o
(
1
n
))
=nα−γ−1r(log n)
(
α+ γ + o(1)
)
,
4
where the last equality holds since r′(x)/r(x) → 0 when x → ∞ for any
rational function r(x). Therefore,
t(n) =
m∑
i=1
n2α−αi−1ri(log n)
(
αi + o(1)
)
+ o
(
1
nβ−2α
)
= αnα−1r1(log n)(1 + o(1)),
since β > αm ≥ α+ 1. Hence,
t2(n) = α2n2α−2 (r1(log n))
2 (1 + o(1)).
On the other hand, we have
ξ(n)ξ(n + 1)
(
2ξ(n + 1)nα + 2ξ(n)(n + 1)α + ξ(n)ξ(n+ 1)
)
= 4 (r1(log n))
3 nα(1 + o(1)).
If α < 2, we have 2α− 2 < α and thus
f(n) = −4
(
r1(log n)
nα
)3
(1 + o(1)),
which is positive for n sufficiently large if r1(x) < 0 for x sufficiently large.
If α = 2, we have
f(n) = −4
(
r1(log n)
n3
)2
(r1(log n) + 1 + o(1)),
which is positive for n sufficiently large if r1(x) < −1 for x sufficiently large.
Remark. Let r(x) ∈ R[x] be a rational function of x with real coefficient.
Suppose r(x) = p(x)/q(x), where p(x), q(x) are polynomials in x. Then
r(x) < 0 for x sufficiently large if and only if
lc p/lc q < 0,
where lc p and lc q denotes the leading coefficients of p and q, respectively.
Example 2.1. By Theorem 2.2, when un are of the following form, the
corresponding {an}n≥0 satisfies higher order Tura´n inequalities for n suffi-
ciently large.
1− 1
n
, 1− 1
n log n
, 1− 2
n2
, 1− log n
n2
.
Noting that for an = 1/n!, we have
un =
n
n+ 1
= 1− 1
n
+
1
n2
+ o(n−2−δ), 0 < δ < 1,
and hence {an}n≥0 satisfies higher order Tura´n inequalities for n sufficiently
large. In fact,
4(1 − un)(1− un+1)− (1− unun+1)2 = 4
(n+ 1)(n + 2)2
> 0, ∀n ≥ 0.
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Example 2.2. We remark that the condition αm ≥ α1+1 is necessary. For
example, let
un =
{
1− 1n , n is even,
1− 1n + 1n4/3 , n is odd.
Clearly,
un = 1− 1
n
+ o
(
1
n
)
.
However,
4(1− un)(1 − un+1)− (1− unun+1)2 = − 1
n8/3
(1 + o(1)),
and hence {an}n≥0 does not satisfy the higher order Tura´n inequalities when
n sufficiently large.
Example 2.3. Let an = n log n, we see that
un = 1 +
−1− 1logn − 1(logn)2
n2
+ o
(
1
n3+δ
)
,
for any 0 < δ < 1. Hence {an}n≥1 satisfies asymptotic higher order Tura´n
inequalities.
3 Asymptotic r-log-concavity
Hou and Zhang [7] gave a criterion on the r-log-concavity of sequences
{an}n≥0 such that the ri(x)’s in (1.3) are all constants. In this section,
we will give a similar criterion for the general case.
We first give an estimation on the ratio an−1an+1/a2n for a special kind
of an.
Lemma 3.1. Let
an =
r(log n)
nα
,
where r(x) is a rational function of x and α be a positive real number. Then
for any integer K ≥ 2, there exist rational functions ri(x) of x such that
un =
an−1an+1
a2n
= 1 +
K∑
i=2
ri(log n)
ni
+ o
(
1
nK
)
.
In the mean time, there exist rational functions r˜i(x) of x such that
an+1 + an−1 − 2an =
K∑
i=2
r˜i(log n)
ni+α
+ o
(
1
nK+α
)
.
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Moreover, we have
r2(x) = α+ (log r(x))
′′ − (log r(x))′
and
r˜2(x) = α(α + 1)r(x)− (2α+ 1)r′(x) + r′′(x).
Proof. Denote log n, log(n+1), and log(n− 1) by l, l+ and l−, respectively.
We have
un =
n2α
(n− 1)α(n+ 1)α
r(l+)r(l−)
r2(l)
=
(
1− 1
n2
)−α(
1 +
r(l+)− r(l)
r(l)
)(
1 +
r(l−)− r(l)
r(l)
)
.
By Lemma 2.1, we derive that
un =
(
1 +
K∑
i=1
(−α
i
)(
− 1
n2
)i
+ o
(
1
nK
))(
1 +
1
r(l)
K∑
i=1
pi(l)
ni
+ o
(
1
nK
))
(
1 +
1
r(l)
K∑
i=1
qi(l)
ni
+ o
(
1
nK
))
= 1 +
α
n2
+
r(l)(r′′(l)− r′(l))− (r′(l))2
n2r2(l)
+ · · ·+ o
(
1
nK
)
,
where pi(x), qi(x) are rational functions of x.
Meanwhile, we have
an+1 + an−1 − 2an
=
r(l)
nα
((
1 +
1
n
)−α(
1 +
r(l+)− r(l)
r(l)
)
+
(
1− 1
n
)−α(
1 +
r(l−)− r(l)
r(l)
)
− 2
)
=
r(l)
nα
(
K∑
i=0
(−α
i
)
ni
(
1 +
1
r(l)
K∑
i=1
pi(l)
ni
)
+
K∑
i=0
(−α
i
)
(−n)i
(
1 +
1
r(l)
K∑
i=1
qi(l)
ni
)
− 2 + o
(
1
nK
))
=
r(l)
nα
(
α(α + 1)
n2
− 2αr
′(l)
n2r(l)
+
r′′(l)− r′(l)
n2r(l)
+ · · ·+ o
(
1
nK
))
,
completing the proof.
Now we are ready to give a criterion on the asymptotic r-log-concavity.
Theorem 3.2. Let {an}n≥0 be a sequences such that (1.3) holds and denote
r = ⌊αm/α1⌋. If
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0 < α1 < 2 and r1(x) < 0 for x sufficiently large,
or
α1 = 2 and r1(x) < −2 + 1/2r−2 for x sufficiently large,
then {an}n≥0 is asymptotically r-log-concave.
Proof. Let
un =
an−1an+1
a2n
, bn = a
2
n − an−1an+1.
It is easy to check that
bn−1bn+1
b2n
= u2n
(un−1 − 1)(un+1 − 1)
(un − 1)2 .
We will give an estimation for this ratio.
Denote α = α1 and r(x) = r1(x). Since un is of form (1.3), so does u
2
n.
Moreover,
u2n = 1 +
2r(log n)
nα
+ · · ·+ o
(
1
nβ
)
. (3.6)
Rewrite un as un = 1 + fngn with
fn =
r(x)
nα
and gn = 1 +
m∑
i=2
ri(x)
r(x)nαi−α
+ o
(
1
nβ−α
)
.
Then we have
(un−1 − 1)(un+1 − 1)
(un − 1)2 =
fn−1fn+1
f2n
gn−1gn+1
g2n
.
By Lemma 3.1, we get that
fn−1fn+1
f2n
= 1 +
t(log n)
n2
+ · · ·+ o
(
1
nβ
)
, (3.7)
with
t(x) = α+ (log r(x))′′ − (log r(x))′.
To estimate the ratio gn−1gn+1/g2n, we consider hn = log gn. By the
Taylor expansion of log(1 + x), we derive that hn is of form
l∑
i=1
si(log n)
nβi
+ o
(
1
nβ−α
)
,
where
α2 − α = β1 < β2 < . . . < βl < β − α,
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and si(x) are rational functions of x. Moreover, s1(x) = r2(x)/r(x). By
Lemma 3.1, we see that
log
gn+1gn−1
g2n
= hn+1 + hn−1 − 2hn
=
l∑
i=1
K∑
j=2
sij(log n)
nj+βi
+ o
(
1
nβ−α
)
,
where K is an integer with K > β − α and sij(x) are rational functions of
x. By the Taylor expansion of ex, we see that
gn+1gn−1
g2n
= 1 +
d∑
i=1
s˜i(log n)
nγi
+ o
(
1
nβ−α
)
, (3.8)
where
α2 − α+ 2 = γ1 < γ2 < . . . < γd < β − α,
and s˜i(x) are rational functions of x.
Combining (3.6), (3.7) and (3.8) together, we derive that bn+1bn−1/b2n is
of form (1.3) and
bn+1bn−1
b2n
=
(
1 +
2r(log n)
nα
+ · · ·+ o
(
1
nβ
))
×
(
1 +
t(log n)
n2
+ · · ·+ o
(
1
nβ−α
))
. (3.9)
When α < 2, we have
bn+1bn−1
b2n
= 1 +
2r(log n)
nα
+ · · · + o
(
1
nβ−α
)
.
If r(x) < 0 for x sufficiently large, so does 2r(x). If αm ≥ 2α, we have
β − α > α. Hence the ratio bn−1bn+1/b2n is less than 1 for n sufficient
large, implying that {an}n≥0 is asymptotically 2-log-concavity. Repeating
this argument, we finally derive that {an}n≥0 is r-log-concavity.
Then we consider the case of α = 2. It is clear that if r(x) < 0 for x
sufficiently large, then {an}n≥0 is log-concave. Now suppose that r(x) < −1
for x sufficiently large and αm ≥ 4. We have
bn+1bn−1
b2n
= 1 +
2r(log n) + t(log n)
n2
+ · · · + o
(
1
nβ−2
)
.
If
lim
x→∞
r(x) = a < −1,
we have
lim
x→∞
2r(x) + t(x) = 2a+ 2 < 0,
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since
lim
x→∞
(log r(x))′ = lim
x→∞
r′(x)
r(x)
= 0,
and
lim
x→∞
(log r(x))′′ = lim
x→∞
(r′(x)/r(x))′
r′(x)/r(x)
lim
x→∞
r′(x)
r(x)
= 0.
If
lim
x→∞
r(x) = −1,
we have
lim
x→∞
(log r(x))′′ − (log r(x))′
2r(x) + 2
= lim
x→∞
r′(x)/r(x)
2r(x) + 2
lim
x→∞
(log r(x))′′ − (log r(x))′
r′(x)/r(x)
= lim
x→∞
(r′(x)/r(x))′
2r′(x)
· (−1) = 0.
Hence
2r(x) + t(x) = (2r(x) + 2)(1 + o(1)) < 0
for x sufficiently large, implying that {an}n≥0 is 2-log-concave for n suffi-
ciently large.
In general, if r(x) < −2 + 1/2r−2 for x sufficiently large, we have
2r(x) + t(x) < −2 + 1
2r−3
for n sufficiently large. Repeating this discussion, we finally derive that
{an}n≥0 is asymptotically r-log-concavity.
We see that the condition for the higher order Tura´n inequalities given by
Theorem 2.2 and the condition for the 2-log-concavity given by Theorem 3.2
coincides.
Example 3.1. Let an = n
α(α ≥ 2), we see that
un =
(
1− 1
n2
)α
= 1− α
n2
+
∞∑
i=2
(
α
i
)
(−1)i
n2i
.
Hence {an}n≥0 is asymptotically r-log-concave for any positive integer r.
Example 3.2. Let an = n
2 log n, we see that
un = 1 +
−2− 1logn − 1(logn)2
n2
+
∞∑
i=2
ri(log n)
n2i
,
where ri(x) are rational functions of x. Hence {an}n≥1 is asymptotically
r-log-concave for any positive integer r.
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4 P -recursive sequences and asymptotic higher or-
der Tura´n property
In this section, we apply the criterion given in the previous section to P -
recursive sequences. Recall that a P -recursive sequence of order d satisfies
a recurrence relation of the form
an = r1(n)an−1 + r2(n)an−1 + · · ·+ rd(n)an−d,
where ri(n) are rational functions of n, see [13, Section 6.4]. We will use
the asymptotic estimation of P -recursive sequences given by Birkhoff and
Trjitzinsky [1] and developed by Wilf and Zeilberger [17]. They showed that
a P -recursive sequence is asymptotically equal to a linear combination of
terms of the form
eQ(ρ,n)s(ρ, n), (4.10)
where
Q(ρ, n) = µ0n log n+
ρ∑
j=1
µjn
j/ρ,
and
s(ρ, n) = nr
t−1∑
j=0
(log n)j
M−1∑
s=0
bsjn
−s/ρ,
with ρ, t, M being positive integers and µj , r, bsj being complex numbers.
The following theorem shows that the un of a P -recursive sequence is of
form (1.3).
Theorem 4.1. Let {an}n≥0 be a P -recursive sequence with asymptotic form
(4.10). Then un = an−1an+1/a2n is of the form (1.3) when n tends to infinity.
Proof. Noting that the product of two terms of the form (1.3) is still of the
form (1.3), we can treat each factor of (4.10) separately. The factors Q(ρ, n)
and nr has been discussed in [7, Theorem 3.1]. We need only consider the
term
fn =
M∑
s=0
t−1∑
j=0
bsj
(log n)j
ns/ρ
+ o
(
1
nβ
)
,
where b0j are not all zeros and β is a real number satisfying
(M + 1)/ρ > β > M/ρ.
Rewrite fn as
fn =
M∑
s=0
ps(log n)
ns/ρ
+ o
(
1
nβ
)
,
11
where
ps(x) =
t−1∑
j=0
bsjx
j
are polynomials in x. By Lemma 2.1, we have
fn+1 =
M∑
s=0
ps(log(n+ 1))
(n+ 1)s/ρ
+ o
(
1
nβ
)
=
M∑
s=0
ps(log n) +
∑M
j=1
qsj(logn)
nj
+ o
(
1
nM
)
ns/ρ
(
1 +
1
n
)−s/ρ
+ o
(
1
nβ
)
= fn +
M∑
s=0
p′s(log n)− sps(log n)/ρ
n1+s/ρ
+
M∑
s=0
rs(log n)
n2+s/ρ
+ o
(
1
nβ
)
,
where qsj(x), rs(x) are polynomials in x. Similarly, we have
fn−1 =
M∑
s=0
ps(log(n− 1))
(n− 1)s/ρ + o
(
1
nβ
)
=
M∑
s=0
ps(log n) +
∑M
j=1
q˜sj(logn)
nj
+ o
(
1
nM
)
ns/ρ
(
1− 1
n
)−s/ρ
+ o
(
1
nβ
)
= fn −
M∑
s=0
p′s(log n)− sps(log n)/ρ
n1+s/ρ
+
M∑
s=0
r˜s(log n)
n2+s/ρ
+ o
(
1
nβ
)
,
where q˜sj(x), r˜s(x) are polynomials in x. Since p0(x) 6= 0, we have
1
f2n
· o
(
1
nβ
)
= o
(
1
nβ′
)
for any β′ < β. Therefore,
fn+1fn−1
f2n
= 1− 1
f2n
(
M∑
s=0
p′s(log n)− sps(log n)/ρ
n1+s/ρ
)2
+
1
f2n
M∑
s=0
ts(log n)
n2+s/ρ
+ o
(
1
nβ′
)
= 1 +
M∑
s=0
t˜s(log n)
n2+s/ρ
+ o
(
1
nβ′
)
where ts(x) are polynomials in x and t˜s(x) are rational functions of x.
We give some examples.
Example 4.1. Let
Cn =
1
n+ 1
(
2n
n
)
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be the Catalan numbers. Its inverse an = 1/Cn satisfies
(4n+ 2)an+1 − (n+ 2)an = 0.
By packages such as Asyrec given by Zeilberger [18], asymptotics.m given
by Kauers [8], or P-rec.m given by Hou and Zhang [7], we find that
an = c · n
3/2
4n
(
1 +
9
8n
+
17
128n2
+ o
(
1
n2
))
,
where c is a constant. (In fact, c =
√
pi.) Therefore,
un = 1− 3
2n2
+
9
4n3
− 21
8n4
+ o
(
1
n4
)
.
Hence {1/Cn}n≥0 satisfies the asymptotic higher order Tura´n inequalities
and is asymptotically 2-log-concave.
Example 4.2. Let In be the number of involutions on {1, . . . , n}, i.e., per-
mutations σ such that σ2 = id. It is well-known that
In = In−1 + (n− 1)In−2.
Hence, an = In/n! satisfies the recurrence relation
nan = an−1 + an−2.
By the above packages, we find that
an = c · e
n/2+
√
n
nn/2
1√
n
(
1 +
7
24
√
n
− 215
1152n
+ o
(
1
n
))
.
Therefore,
un = 1− 1
2n
− 1
4n3/2
+
5
8n2
+ o
(
1
n2
)
,
and thus {In/n!}n≥0 satisfies the asymptotic higher order Tura´n inequalities
and is asymptotically r-log-concave for any positive integer r.
Let An be the n-th Ape´ry number given by
An =
n∑
k=0
(
n
k
)2(n+ k
k
)2
.
By a similar discussion, we derive that An/n! satisfies the asymptotic higher
order Tura´n inequalities and are asymptotically r-log-concave for any posi-
tive integer r.
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